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Abstract

In this note, we introduce a polynomial-time version of the mistake-bounded language generation
(MBLG) framework due to Kleinberg, Peale, and Reingold (2026). We observe that the family of parities
of variables, and the family of conjunctions of literals, are polynomial-time MBLG. Our main result states
that the family of monotone Boolean functions with polynomially-many maxterms is polynomial-time
MBLG. This family includes all monotone Boolean functions, computable by polynomial-size decision
trees. Our technique can be presented as a new combinatorial game about writing numbers on a board.

1 Introduction

In the era of LLMs, a part of theoretical research in machine learning seeks to adapt its old models to
the new reality. One example of this is a recent language gemeration in the limit model of Kleinberg and
Mullainathan [8]. It builds upon a classical language identification in the limit model due to Gold [5], where
a learner gets exposed to a stream of words of some unknown formal language from a language family F.
The task is to identify this language eventually, where the guess can be updated with each new word from
the stream. In contrast, in the Kleinberg—Mullainathan model, the task is to simply output a word from the
language not seen so far in the stream. For every language in the family and for every possible enumeration
of it, there has to be a moment, starting from which we get this task right. This mild change, initially
motivated by the practice of using LLMs as text generators, leads to a significantly richer mathematical
theory. Families, identifiable in the limit, have been characterized by Angluin [2]. However, we are aware
only of one “interesting” family, satisfying these conditions — namely, the family of pattern languages from
Angluin’s earlier paper [I]. Meanwhile, Kleinberg and Mullainathan have shown that every countable family
is generatable in the limit. This result sparked a growing interest in the model, with subsequent works
establishing the result for generators, satisfying additional desirable properties like breadth [I0 [6] and
representativity [12].

However, it was observed that if one measures success in the number of words needed to make sure that
the generation is correct, the language generation model becomes rather infeasible. Imagine we have just two
languages in the family with a finite but very large intersection. If the stream starts with some enumeration of
this intersection, we have no way to avoid a mistake when we get the last word of the intersection. Motivated
by this observation, Arenas et al. [3] show lower bounds on the size of the maximal finite intersection for a
number of natural language families. For instance, they show there is no computable bound on the size of
the intersection of two context-free languages whose intersection is finite (that is, there is no algorithm that,
given two context-free languages Ly, Lo such that Ly N Ly is finite, returns some upper bound on |L; N Ls|).



In a recent preprint, Kleinberg, Peale, and Reingold [9] suggest that a better way of measuring success
is not the time until the last mistake, but the total number of mistakes, no matter how far the last one
is. Observe that in the example, with two languages, it is easy to make at most 1 mistake. Indeed, if we
see something outside the intersection, we already know the true language, and if we only see words from
the intersection, we can always give another example from the intersection unless all of them are exhausted,
which can happen at most once. Generalizing this example, Kleinberg, Peale, and Reingold give a beautiful
algorithm that, for finite families of size s, makes at most [log, s] mistakes. Moreover, for countable families
F they give an algorithm that for the i-th language of the family makes at most [log, ¢| mistakes.

In this note, we introduce a polynomial-time version of the mistake-bounded language generation (MBLG)
framework of Kleinberg, Peale, and Reingold, in a style similar to Valiant’s polynomial-time PAC learning [7]
and Littlestone’s online (a.k.a. mistake-bound) learning [T1]. Let us first recall these models. Both start
with a 2P°W(")_gize family F of Boolean functions f: {0,1}™ — {0,1} (or equivalently, of languages of binary
words of length n where these functions take value 1). In the PAC-model, the adversary secretly picks f € F
and a distribution D over {0,1}™. The learner can sample pairs (z, f(x)) with  ~ D. It gets an input
y € {0,1}", sampled from D, with an unknown value of f, and its goal is to predict f(y) with probability of
error at most ¢ after working poly(n/e)-time.

In contrast, the online learning model is iterative: the adversary first picks f € F, and then, in rounds,
it picks x € {0,1}" and asks the learner — “what is the value of f(z)?”. After the learner takes its guess,
the adversary reveals the correct value and proceeds to the next round. The goal of the learner is to make
at most poly(n) mistakes (independently of the number of rounds), working in polynomial time (in n and
the number of rounds so far).

Similarly, in polynomial-time MBLG that we introduce here, there is a family
F=A{Ly,...,Ls}, Ly,...,Ls; C{0,1}"

of languages of binary words of length n, with s = 2P°(") The adversary secretly picks a language L € F,
and starts printing its words in some order (the words have to be distinct). For each ¢ = 0,...,|L| —1, seeing
the first 7 printed words !, ..., 2%, our goal is to output some word y* € L\ {z!,...,x'}. We have to make at
most poly(n) mistakes, working in polynomial time — more precisely, the time to produce y* from z!, ..., x?
should be poly(ni). Families for which this is possible will be called polynomial-time MBLG families. Note
that in contrast to online learning, in the mistake-bounded generation model there is no feedback — we never

get any separate confirmation whether y° was indeed from L.

In all 3 models, if we forget about polynomial-time requirements, any 2P°%(")_size family becomes learn-
able. Indeed, in PAC learning, it is enough to sample p(g, log, | F|) pairs (z, f(z)) for some fixed polynomial
p, pick any f € F that is consistent with all these pairs, and predict according to this f [13]. In turn, in
the online learning, the “halving algorithm” of Littlestone will work — predict according to the majority of
functions from F that were never wrong so far (each mistake decreases the number of potential functions by
a factor of 2, and overall we get at most log, | F| mistakes).

Note that these solutions require explicitly going through all functions in F, and thus are not imple-
mentable in polynomial time. A similar situation is with the algorithm of Kleinberg, Peale, and Reingold [9]
for the mistake-bounded language generation. Its overall structure is as follows: it assigns weights to every
function (language) of F, with all the weights being initially equal. Each time, among the words that have
not been printed so far, we choose one that maximizes the sum of weights of languages that contain it. The
weights of languages are updated after each new printed example from the adversary. Once again, although
the algorithm guarantees at most log, | F| mistakes, it requires explicitly going through all languages in the
family, which is not implementable in polynomial time in our setting.

In this note, after formalizing polynomial-time MBLG, we give a few initial examples of families that
are learnable in this model. We start by observing that the family of parities of variables, and the family
of conjunctions of literals, are polynomial-time MBLG. We then establish our main result, which concerns
monotone Boolean functions (a Boolean function f: {0,1}" — {0,1} in our framework is identified with



the language of binary words of length n where f takes value 1). A maxterm of a Boolean function f is
a maximal input where it takes value 0 (any further switching of an input bit from 0 to 1 leads to value
1). We show that for any polynomial p(n), the family F of monotone Boolean functions with at most p(n)
maxterms is polynomial-time MBLG.

For instance, this result includes disjunctions of variables — these are monotone Boolean functions with
exactly one maxterm. Further, one can notice that any monotone Boolean function, computable by a
polynomial-size decision tree, has poly(n) maxterms, namely, at most the number of 0-leaves of the tree.
Indeed, every maxterm ends up in some 0-leaf, so it has to be consistent with the variables and the values
that are asked on the path to this leaf, and on the variables that are not asked, it has to be equal to 1 —
otherwise one can switch some input bit from 0 to 1 without changing the value.

We conclude the paper with some open questions.

2 Polynomial-time MBLG

Formally, we have to work with infinite sequences {F;,}52; of families,where F,, = {L1, Lo, ..., Ly} and
Lla Ls,..., Ls(n) c {07 1}n

A generator is a function G that takes on input a natural number n (written in unary) and a sequence
of distinct binary words of length n, and returns a binary word of length n.

Definition 1. Let {F,}52 be a sequence of families of languages, where F,, consists of languages of binary
words of length n for all n. Further, let G be a generator and e: N — N be a function.
We say that G makes at most e(n) mistakes on {F,}52 if for every n, for every L € F, and for every
o' 2P e 0,13 such that
L= {xl,...,xIL‘},

there exists at most e(n) indices i € {0,1,...,|L| — 1} such that:
GA™ z'2? . .a')y ¢ L\ {z*,... 2"}

Definition 2. Let {F,}52 be a sequence of families of languages, where F,, consists of languages of binary
words of length n for all n, and |F,| = 2P°%(™) . [f this sequence of families admits a polynomial-time
generator, making poly(n) mistakes, we say that the family is polynomial-time MBLG.

In the results below, to increase readability, we no longer explicitly consider sequences of families {F,, }52 ;.
Instead, we simply say “F, is polynomial-time MBLG”, implicitly assuming that n is a parameter, going to
infinity, yielding a sequence of families.

3 Conjunctions and Parities

For a Boolean variable x; and « € {0, 1}, denote:

Proposition 3. Let Conj[(i1, 1), ..., (ix, ax)] be a language of all words x € {0,1}" such that " A ... A
zim = 1. Then the family

F ={Conj[(i1,01), ..., (ix, )] : k>0, 1< <... <14, <mn, ar...op € {0,1}%}

is polynomial-time MBLG.



Proof. Given an input sequence (x!,...,z%), we find the set P of all positions where all words a!,... z

coincide. We know P includes the unknown positions 1, ..., i, with the right values ay, ..., a, but maybe
some other positions too. We try to find another word that has the same values in positions from P as
(x',...,2%) — it would be a safe guess to make. What can happen, however, is that all such words are
already within z!,...,z%. But then the next word of the adversary will remove some position from P, so
this can happen at most n times.

Note that this strategy is implementable in polynomial time in the length of (z!,... 2%). Constructing
P is straightforward, and then we enumerate all words that have the required values in positions from P, in
search of one that differs from all z!,...,z%. This will take us at most 4 steps of enumeration.

i
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Proposition 4. Let Par[iy,...,ix] be the language of all words x € {0,1}" such that z;; & ... ® x;, = 0.
The family F = {Par[i1,...,ix] | 1 <i1 < ... < ik <n} is polynomial-time MBLG.

Proof. When we have examples !, ..., %, it is safe to output any linear combinations (modulo 2) of these
vectors. The only way it is not possible to output a fresh string like that is when the set {x!,... 2’} coincides
with its own linear span. But then the next example of the adversary will increase the dimension of the
span, so we will have at most n mistakes.

To implement this in polynomial time, we find a maximal independent subset of {z!,... 2}, and then
start enumerating all words that can be obtained as its linear combinations. It takes at most ¢ steps to find
a new word because every word out of z!,...,z* can cause us trouble just once. O

A similar proof works when one considers the condition z;, ®...® x;, = 1, but one has to take the affine
span.

4 Monotone Functions with Polynomially Many Maxterms

We formulate our main result in terms of languages. We consider the inclusion order on the set of subsets
of {1,2,...,n}, viewing it as an order on {0,1}" and assuming that a string = € {0,1}" is identified with
the set of positions where it is equal to 1. A language L C {0,1}" is monotone if it is upwards-closed in this
order. A maxterm of a monotone language L is a maximal element of {0,1}"\ L.

Theorem 5. For any fized polynomial p(n), the family of monotone languages L C {0,1}"™ that have at
most p(n) maxterms is polynomial-time MBLG.

Proof. Imagine that words, printed by the adversary, get marked. Each time, we have to output a non-
marked word. Since L is monotone, it is safe to output any non-marked word if below it (in the inclusion
order) there is some marked word. So we only have to care about “crucial” moments when the set of marked
words is upwards-closed.

In these moments, we will always output some maximal non-marked word. We make a mistake when we
output a word from {0, 1}™\ L. Thus, we can only make a mistake when we output a maxterm of L. To make
sure that we make at most poly(n) mistakes, we will give an algorithm such that every word « € {0,1}" gets
outputted at most O(n) times at crucial moments.

We will achieve this via the following simple strategy. We maintain the set M of maximal non-marked
elements. Note that the size of M is polynomial in the bit-length of (x!,...,x%) because every its element
has some string from {z!,..., 2%} directly above it, but every string {x!,..., 2’} can have at most n elements
of M directly below it. Further, we maintain how many times each element of M has been given to the
output at crucial moments. When there is a crucial moment, we choose any element of M that has been
given the minimal number of times.

Let us study how the set M evolves at crucial moments. The key observation is that each time, at
least one element of M goes away (and maybe some new elements are added). Moreover, elements that go
away never come back. Indeed, in the crucial moment, all strings under any element of M are non-marked
(because marked strings are upwards-closed). Hence, if all elements of M would have survived, the set of



non-marked elements would increase or stay the same. However, this set decreases over time. Moreover, an
element m € M can go away only if m or something below it gets a mark, and then it can never enter M
again.

Since strings never return to M, and since the size of M is polynomial, maintaining M together with the
number of times its elements have been given as an output takes polynomial time.

Next, these numbers of times — how many times each element of M has been used at crucial moments —
satisfy the rules of the following game with numbers written on a board:

e initially, one can write any number of 0’s on the board (this corresponds to the first crucial moment
when the set M is created, and no string has been given as the output yet).

e then you work in steps. At each step, you first increase the minimal number on the board by 1 (if there
are multiple minimal numbers, you increase just one). Then at least one number has to be erased from
the board, and then some new zeroes can be added.

In our application, the number of steps is bounded by the number of crucial moments, which is at most
2™. It now suffices to establish the following lemma.

Lemma 6. Let n > 1. Then the minimal number of steps for a number n to appear on the board in the
game with numbers is at least 2771,

Proof. Imagine numbers as stacks of coins. Somewhat strangely, a number m will be represented as a stack
of m + 1 coins — a level-0 coin, a level-1 coin, ..., a level-m coin. Coins at different levels will have different
costs. Namely, a level-0 coin has cost 1, and a level-i has cost 2¢~! for ¢ > 1.

Look at the total cost of all the coins. When we add 0, the total cost increases by 1. Now, when we add
+1 to a number m, we create a level-(m + 1) coin whose cost is 2™. But then we either delete it right away,
or we delete some other number that has to be at least m. The cost of all the coins that we delete is at least
14+1424+...42m1 =2™ 50 the total cost does not increase.

Hence, to create a coin at level n, we have to put at least 2"~! O-level coins. Although we can put a
lot of 0-level coins at a time, each O-level coin can be converted into a 1-level coin just one at a time, so we
require at least 2! steps. O

5 Conclusion

It is interesting to see if our main result can be extended to non-monotone functions. For instance, so far it
is not clear to us whether disjunctions of literals are polynomial-time MBLG. More generally, it is interesting
to figure out whether polynomial-size decision trees (not necessarily monotone) are polynomial-time MBLG.
A question that does not seem clear is whether polynomial-time MBLG families are closed under union.
Finally, it is interesting to figure out the relationship of our notion with polynomial-time PAC and online
learning. It is known that every polynomial-time online learnable family is polynomial-time PAC learnable,

but the reverse direction is not always true [4].
O
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